We consider the problem of the existence of the global solutions and formation of singularities for a b-family of equations which includes the Camassa-Holm and DegasperisProcesi equation. We also consider the problem of the uniformly continuity of DegasperisProcesi equation.
Introduction
In [23, 24] D. Holm, M. Staley studied a one-dimensional version of an active fluid transport that is described by the following nonlinear equation m t + um x + bu x m = 0, (1.1) with m = u − u xx , u(x, t) representing the fluid velocity, while the constant b is a balance or bifurcation parameter for nonlinear solution behavior. In [19] it is shown that Eq. (1.1) is integrable in the sense of an infinite-dimensional Hamiltonian system [30] (1.
2)
The Cauchy problem for the CH equation in both periodic and nonperiodic case is studied extensively. It has been shown that the Camassa-Holm equation is locally well-posed in H r , r > 3 2 with solutions depending continuously on initial data [7, 11, 14, 28, 31] . The Camassa-Holm equation has global solutions and also solutions which blow-up in finite time (see [7] [8] [9] [10] [11] [12] 14, 32, 35] ). The global weak conservative solutions are constructed in [4, 5] .
If b = 3, Eq. (1.1) becomes the Degasperis-Procesi (DP) equation u t − u xxt + 4uu x = 3u x u xx + uu xxx . (1. 3)
The Cauchy problem for the DP equation in both periodic and nonperiodic case is studied in [20, 29, 33, 34] . For Eqs. (1.2) and (1.3) the blow-up occurs as wave breaking, that is, the solution remains bounded but its slope becomes infinite in finite time. Both CH and DP equations are models of wave propagation on the surface of water [6, 17, 25] .
Sometimes it is more appropriate to consider other version of well-posedness problem, for example if one strengthens our notion of well-posedness, requiring that the mapping data-solution is uniformly continuous. The ill-posedness of some classical nonlinear dispersive equations (for instance Korteweg-de Vries equation, modified Korteweg-de Vries equation, cubic Schrodinger equation, and Bemjamin-Ono equation) in both periodic and nonperiodic cases are studied in [1] [2] [3] . The approach in these papers is based on the existence and good properties of the travelling wave solutions associated to the equations. In particular, a good behavior of its Fourier transforms is required. In [22] . Moreover, they give the precise blow-up scenario of strong solution of the equation with certain initial data.
The Cauchy problem for Eq. (1.1) in the periodic case has not yet been considered. Therefore, the aim of this paper is to consider the problem of the global existence of solution of this equation and get the blow-up criteria in the periodic case. We also consider the problem of the uniformly continuity of the solution map of DP equation.
The paper is organized as it follows. In Section 2 we prove local well-posedness of the initial value problem associated to Eq. (1.1). In Section 3 we present the two blow-up results for the solution. In Section 4 we prove that Eq. (1.1) has solutions which exist globally in time, provided that initial data satisfy certain sign condition. In the last section we construct a family of smooth travelling waves solution for DP equation and prove the non-uniform continuity for the equation. 
Local well-posedness
In this section we consider the local well-posedness for Eq. (1.1). We use the Kato's theory for abstract quasilinear evolution equations [26] in order to establish local well-posedness.
Consider the abstract quasi-linear evolution equation
Let X and Y be Hilbert spaces such that Y is continuously and densely embedded in X and let Q : Y → X be topological isomorphism. Assume that:
(3) f : Y → Y and extends also to a map from X into X . f is bounded on bounded sets in Y , and 
The solution depends continuously on the initial data. 
Analogously to Lemmas 2.4-2.6 in [21] we have that A(u) is quasi-m-accretive uniformly on bounded sets in H
Finally, f is bounded on bounded sets in H s (S), and satisfies
Applying Kato's theory for abstract quasilinear evolution equation of hyperbolic type [26] , we obtain the local wellposedness for Eq. (2.2). 2
Blow-up
In this section, we prove that there are smooth initial data for which the corresponding solution of Eq. (2.2) does not exist globally in time. Theorem 3.1 is analogous to some results in [7, 13] (see also Theorem 3.1 in [21] ), therefore we omit the proof. 
Differentiating (2.2) with respect to x we have
which tends to −∞, as t goes to −
(b−1)h(0)
. This completes the proof of the theorem. 2
Global existence
In this section, we show that there exists global solution of Eq. (2.2). Note that for b = 0 the equation has the invariants Proof. Analogous to the approach in [7] for Camassa-Holm equation, consider the differential equation 
The solution of (4.3) is given by
Therefore, if m 0 (x) does not change sign, then m(x, t) also does not change sign for every t ∈ [0, t) (note that for b = 2 the above identity has a geometric derivation as conservation of momentum [15, 16, 27] , but for b = 2 no such interpretation is available).
We consider first the case when m 0 (x) 0. For any x ∈ [x 0 (t), x 0 (t) + 1], using (4.1) we have
Note that u = G m and m 0 on [0, T ) so that we have u 0 on [0, t). Therefore
In view of Theorem 3.1, we obtain that T = ∞.
Similarly, for m 0 0, we have
Using Theorem 3.1, we obtain T = ∞. This completes the proof of the theorem. 2
Ill-posedness for the DP
In this section we establish a result concerning non-uniform well-posedness for the periodic Cauchy problem for the Degasperis-Procesi equation (DP)
As it is mentioned above this equation appears in the family (1.1) for b = 3 and it is formally integrable in the sense that it admits a Lax pair, which should lead to integrability if an inverse spectral theory is developed, as it was done for b = 2 in Constantin and McKean [18] . Here we follow closely Himonas and Misiolek [22] where such kind a result is originally proven for the Camassa-Holm equation (b = 2).
Recall that we say that a Cauchy problem is uniformly well-posed in H s (S) if there exist T > 0 and a unique solution u in C([0, T ], H s (S)) such that the map u 0 → u is uniformly continuous from any bounded set of H s (S) into C([0, T ], H s (S)).

Theorem 5.1. For any s 2, the solution map u 0 → u for the Degasperis-Procesi equation (5.1) is not uniformly continuous from any bounded set in H s (S) into C([0, T ], H s (S)). More precisely, for each s 2 there exist constants c 1,2 > 0 and two sequences of smooth solutions u n , v n of Eq. (5.1) such that for any t
As in [22] first we construct a family of high-frequency smooth travelling wave solutions of (5.1). Note that if u(x, t) is a classical solution of (5.1), then the function
is a solution also for arbitrary constant c.
Let us consider the travelling wave solutions of the DP u(x, t) = f (x − t), so the function f must satisfy the ordinary differential equation
and integrate once again to obtain 
( 5.9) Then (5.6) becomes (5.10) where
. It can be seen that (5.10) admits a nonconstant solution with period 2l for certain l > 0, which satisfies the following initial value problem (see also Fig. 1 )
The above discussion can be summarized as follows: Next we estimate the period 2l in terms of ε, δ.
Proposition 5.2. The period 2l of the function y depends continuously on parameters ε, δ and satisfies
Proof. The half period can be expressed as (5.13) where
Then from (5.15) it follows the lower bound
Choose M 1 and m 1 or equivalently δ + ε, δ in such a way to achieve
Then with the help of (5.14) it follows
We write l √ ε + δ for the sake of (5.12). Since l(ε, δ) is continuous for n sufficiently large, we can find ε and δ = ε 2/s ,
Hence, we have constructed high-frequency solution y = y n (ξ ) with the period T = 2π /n.
Next we need some estimates in order to obtain upper bounds for these solutions. We start with L ∞ estimates of the derivatives. 
Proof. With the help of (5.10), the first derivative is estimated as follows
For k = 2 using (5.11) we have |y | 1 + |y| + |e| Taking k derivatives and using Leibniz rule we have
Now, y (k+3) can be expressed as follows
The last equation together with the induction hypothesis gives
which completes the proof. 2
Further, we proceed with L 2 estimates. 
.
Proof. For the first derivative we get
For the second derivative using symmetry, periodicity and integrating by parts, we have 
Proceeding by induction and using the expression for y (k+3) in Proposition 5.3, we obtain
. Now, applying estimates of Proposition 5.3 and using the induction hypothesis we get
which finishes the proof. 2
So far we have obtained practically the same necessary estimates as in [22] and can proceed with the proof exactly in their way. We only give the key steps for the reader's convenience.
Recall the Sobolev norm 
Next, the following two sequences of travelling wave solutions are defined 
